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Abstract 

We study type II universal metrics of the Lorentzian signature. These metrics simultaneously 
solve vacuum field equations of all theories of gravitation with the Lagrangian being a polynomial 
curvature invariant constructed from the metric, the Riemann tensor and its covariant derivatives of 
an arbitrary order. 

We provide examples of type II universal metrics for all composite number dimensions. On the 
other hand, we have no examples for prime number dimensions and we prove the non-existence of 
type II universal spacetimes in five dimensions. 

We also present type II vacuum solutions of selected classes of gravitational theories, such as 
Lovelock, quadratic and L(Riemann) gravities. 


I Introduction 

Let us start with a formal definition of universal pJ and fc-universal metrics. 

Definition 1.1. A metric is called k-universal if all conserved symmetric rank-2 tensors constructed 
from the metric, the Riemann tensor and its covariant derivatives up to the fc th order are multiples of 
the metric. If a metric is /c-universal for all integers k then it is called universal. 

Universal metrics are vacuum solutions (possibly with a non-vanishing cosmological constant) to all 
theories of the form 

k — L {(Jab > Rabcd ; V ai Hbcde^ • • • , V a\...a p Rbcde)i (1) 

where the Lagrangian L is a polynomial curvature invariant. 

Particular explicit examples of universal metrics were first discussed in mm in the context of string 
theory (pp-waves) and in |T] as metrics with vanishing quantum corrections. In [4], we have systematically 
studied type N and III universal metrics (while all type N Einstein spacetimes are O-universal, they are 
universal iff in addition they are Kundt). In the present paper, we focus on the type II (including the 
type D) in the classification of (5] (see also 0 for a recent review of the classification). 

While the well known examples of type N universal pp-waves of mm admit a covariantly constant 
null vector (CCNV) obeying £ a -b = 0, we show that in arbitrary dimension type II universal spacetimes 
admitting CCNV do not exist. On the other hand, we construct examples of type II universal spacetimes 
admitting a recurrent null vector (RNV) obeying £ a -b oc £ a £b and also more general Kundt non-RNV type 

II universal spacetimes. 

Interestingly, in contrast with the results of [4] for type III and N universal metrics, the type II cases 
critically depend on dimensionality of the spacetime. We show that one can employ no-dimensional type 
N universal metrics of [4] (no > 4) to construct type II universal metrics in n = uqN dimensions (where 
N > 2 is an integer) using an appropriate direct product with (TV — 1) maximally symmetric spaces. 

1 Throughout the paper, we consider only scalars and symmetric rank-2 tensors constructed as contractions of polynomials 
from the metric, the Riemann tensor and its covariant derivatives of an arbitrary order. 
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Simple direct product metrics can be also used to construct type D universal metrics for all composite 
number dimensions n > 4. 

On the other hand, these methods cannot be used for prime number dimensions and we prove that 
Theorem 1.2. In five dimensions, genuine type II universal spacetimes do not exist. 

In fact, in section^ we prove a stronger statement that in five dimensions, genuine type II O-universal 
spacetimes do not exist. 

These results might indicate the non-existence of type II universal metrics for prime number dimen¬ 
sions. However, one should keep in mind that the five-dimensional case is special (see eq. (l24l) l. 

Since the direct product metrics discussed above provide examples of universal metrics for dimensions 
n = Nno, where no > 4, N > 2, for composite number of dimensions, it remains to find examples for 
n = Nno, where no = 2,3. We thus proceed with studying type II generalized Khlebnikov-Ghanam- 
Thompson metrics in n = noN dimensions, where no > 2. In the no = 2,3 cases, we find necessary and 
sufficient conditions under which these spacetimes are O-universal and thus solve all vacuum gravitational 
field equations that do not contain derivatives of the Riemann tensor (Lovelock gravity). In fact, since 
O-universal spacetimes are Einstein they also solve theories that may contain derivatives of the Ricci 
tensor, such as e.g. quadratic gravity. 

For no = 2, we also find a necessary and sufficient condition for 2-universality. These spacetimes solve 
all theories containing up to the second derivatives of the Riemann tensor (e.g. L(Riemann) theories). 
We also discuss further necessary and sufficient conditions for 4-universality and universality. 

The paper is organized as follows: 

In section [2] we briefly summarize the notation and some useful definitions and results. 

In section [3j we prove that two appropriate rank-2 tensors are conserved for universal spacetimes. 
These conserved tensors are then used in section [4] to prove the non-existence of type II O-universal 
spacetimes in five dimensions. 

In section 0 we prove that Ricci-flat recurrent type II O-universal spacetimes do not exist in any 
number of dimension. 

In section EO we prove universality for various type II direct product metrics. 

In section [71 we study generalizations of the Khlebnikov-Ghanam-Thompson metric (representing 
gravitational radiation in the (anti-)Nariai spacetime) and necessary and sufficient conditions following 
from various gravitational theories and from universality. 

Finally, some useful relations for the Weyl tensor of direct product metrics and spin coefficients and 
curvature of generalized Khlebnikov-Ghanam-Thompson metrics are given in the appendices. 


2 Preliminaries 

Throughout the paper, we use the algebraic classification of tensors [5], recently also reviewed in M ■ By 
the type II of the Weyl tensor, we will mean the genuine type II, which includes the type D but does not 
include the types III and N (see [S] for the definitions). 

We employ the higher-dimensional Newman-Penrose and Geroch-Held-Penrose formalisms [7]. For 
GHP quantities, we follow the notation of [7], for other NP quantities we use the notation summarized 

in Ei- 

A null frame in n dimensions consists of null vectors I and n and n — 2 spacelike vectors m ^ obeying 

ri a = n a n a = 0, t a n a = 1, = <%■ (2) 

The coordinate indices a,b,. .. and frame indices i,j ,... take values from 0 to n — 1 and 2 to n - 1, 
respectively. 

The Lorentz transformations between null frames are generated by boosts 

£ = X£, n = X~ 1 n, rh^ = , (3) 

null rotations and spins. We say that a quantity q has a boost weight (b.w.) b if it transforms under a 
boost © according to 

q = X h q. (4) 
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Various components of a tensor in the null frame may have distinct integer b.ws. The boost order of a 
tensor with respect to a null frame is the maximum b.w. of its (non-vanishing) frame components. The 
boost order of a tensor depends only on the null direction £ (see e.g. Proposition 2.1 in [B]). 

In general, the boost order of the Weyl (and the Riemann) tensor is 2. However, in this paper, we 
focus on type II (and D) spacetimes that by definition, admit at least one multiple Weyl aligned null 
direction (mWAND)0. If we identify our frame vector £ with an mWAND b.w. +2 and +1 components 
of the Weyl tensor vanish. Furthermore, it has been shown in jS] that in a type II Einstein spacetime, at 
least one of the mWANDs is geodetic. 

The type II Weyl tensor admits a frame decomposition [5] 


boost weight 0 


Cabcd = 4$ n ia £ b n c £ d} + n {a l b m^mn {3 d \ + 8$y £ c m {j d \ + $ ijk i 




+ 8^ ^ { a n ^ c m% + 4 % jk } + 4flC £ {a m { ^ £ c m [j d ] }1 

where for an arbitrary tensor T a b c d we define 

^{abcd} = 2 (-^~[ab] [cd] "b T[cd][ab\) 


(5) 

( 6 ) 


and thus C abcd = C {ahcd }. 

Independent b.w. 0 components of the Weyl tensor are $A and <&ij k i since 

§1 j =--$ ikjk , $ = $«, (7) 

where and $A are the symmetric and antisymmetric parts of respectively, and <&ij k i has the 
‘Riemann tensor’ symmetries 


®ijkl = $[ij][fcZ] = ®klij, ®i[jkl] = 0. (8) 

For the type II, b.w. negative components of the Weyl tensor, 'Fb fe and fib, are also present in general. 

When n > 4, <f>ij k i can be decomposed like the Riemann tensor in an auxiliary (n — 2)-dimensional 
Riemannian space as [9] 

= Qijki - ^{kSi]j, $ijkj =0 (n > 4), (9) 

where $ is the trace of <!>,,. Note that in five dimensions, <&ijki vanishes identically. 

Let us identify the frame vector £ with a geodetic mWAND and without loss of generality, choose £ 
to be affinely parameterized and the remaining frame vectors to be parallelly transported along £. Then, 
the covariant derivatives of the frame vectors in terms of spin coefficients read 

4;6 = L n £ a £b + L u i a m^ (10) 

n a - b = -Lnn a £ b — Lnn a m b + K'm ( a l) 4 + , (11) 

m a-b = - TiTiah - ^ 4 ^/* +Mjim^£ b ~ pijn a m ^ . ( 12 ) 

For Einstein spacetimes, R ab = ( R/n)g ab , with R =const., 

2>R 

Cabcd = Rabcd 7 7 Tda\c9d]b ( 13 ) 

n(n — 1) 1 

and thus 

Cabcd; e — Rabcd;e • ( 14 ) 

Therefore, for universal spacetimes (that are necessarily Einstein), all conserved symmetric rank-2 tensors 
constructed from the Weyl tensor and its derivatives are also proportional to the metric. 

Let us conclude this section with the theorem proven in [4] : 

Theorem 2.1. A universal spacetime is necessarily a CSI spacetime. 

Constant/vanishing scalar curvature invariants (CSI/VSI) spacetimes are spacetimes having all cur¬ 
vature invariants constructed from the Riemann tensor and its derivatives constant [TO] /vanishing jllj . 
Note that being CSI (and even VSI) is not a sufficient condition for universality. 

2 Spacetimes admitting more than one mWAND are of the type D. 
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3 Conserved tensors 


In the proof of theorem ll.2l in section [U two rank-2 tensors, S^ and sf^\ are employed. In this section, 
we show that these two tensors are conserved for universal spacetimes. In fact, we prove the conservation 
of these two tensors for a more general class of CCCT spacetimes. 

Definition 3.1. A spacetime is CCCT (a covariantly constant conserved tensor) if all conserved sym¬ 
metric rank-2 tensors T ab constructed from the metric, the Ricmann tensor and its covariant derivatives 
of arbitrary order obey T ab;c = 0. 

Obviously, for universal spacetimes, U, U C CCCT. In [7j (see the end of section 3 there), we have 
proven a slightly more general version of theorem 12.11 stating that CCCT C CSI. 

From the conservation of the Einstein tensor, it follows that for CCCT spacetimes, the Ricci scalar 
is constant (this also obviously follows from the CCCT C CSI result) and thus for curvature tensors, 
Rab-c = 0 and 

Rabcd\e — Cabcd\e‘ (15) 

Lemma 3.2. For CCCT spacetimes, S^ b = C ac d e C b cde is a conserved tensor. 

Proof. Using the Bianchi identities and the tracelessness of the Weyl tensor, 

o(2)fe s-ibcde I r'ibcde /^ibcde /"< r^bcde /~i ibcde 

^ a ;b '- y acde;b'- y ' acde ;fe '-'acdejfe'^' ^ debase'-' ^deeb^a^ 

_ /~icbde | ri ibcde . ibcde _ ^s~ibcde /1 /?\ 

— ^ abde\c^ i { ^ y bcde-,a { ~ y ' ^ acde\b^ — ^ { ^bcde-,a'~ / • v 10 / 

Since CCCT C CSI, it follows that the last term in (1161) vanishes due to the constancy of C a b c dC abcd . □ 

Lemma 3.3. For CCCT spacetimes, S^ a b = C ac de C de ^ g C^ 9 bc is a conserved tensor. 

Proof. can be rewritten as 

s~iac s~iA /-iB 
° A° be > 

where a, b, c,... are spacetime indices, while A, B, C, ... are bivector indices (essentially, A = de etc.) for 
simplicity. 

First, let us express the covariant derivative of the invariant 

0 = ( C A B C B c C c A ), a = 3 C A B C B c C c A . a , (17) 


where the first equality follows from CCCT C CSI. 
We proceed with expressing S^ a b . a 


o( 3 )a _ _ (s~iac <A iB \ _ s~iac /^iA /^iB , s~iac s~iA /-iB , r'lac iA /-iB 

° fe;a ~ A° bc)]a ~ ° A;a° fee + ° fee ° fee; 


-yA s~iB 


(18) 


For CCCT spacetimes, the first term on the right-hand side vanishes due to the Bianchi identities and 
the tracelessness of the Weyl tensor. 

The 3rd term on the right-hand side is equal to (after renaming indices and using the Weyl symmetries) 


C ac s^iA s~iB _ s~iac s~iA s~iB s^iac s^iA z^iB _ s^iac iA frB 

A° fec;a “ — ° afe;c — ° A° ca;fe “ — ° fec;a 


c a 


s~iA s^iB 
1° ac;fe 


(19) 


which implies (using also ([171) 1 


C ac iA r^B _ ^ rrA s~iB _ r\ 

A° fec;a ~ C;fe “ U - 


Next, in the 2nd term in eq. m (B = ef) 

tac s~iA _ s-iac s~iA /^i e f s~iac s~iA _ r\s~iac p A 

° e/;a° fee — — ° A 0 ae;f ° be ~ ° A u /a;e° be ~ ~ A u ae;/° fee 


the term C ac A C A ae .f can be written as 


C ac rrA _ (/~iac z^iA \ s~iac s-i. 

ae-J ~ A° ae) .j ~ ° A;/° 


■yac f~iA 
ae 


( 20 ) 


( 21 ) 


( 22 ) 
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By lemma 13.21 for CCCT spacetimes, the first term on the right-hand side in (B^l) is zero, hence this 
expression is antisymmetric in ce (after lowering c) 


/~ia _ /^i( 

° cA° ae-f ~ ° 


s-iA 

[c\A^ a\e]-J 


(23) 


In eq. (ET1) . (E3l) is multiplied by C e ^ bc 


(which is antisymmetric in ef) and so by defining 


Tr 


ce/] 


= C a 


[c\A L ‘ a\ e;/] 


we have 


C a „ A C 


cA*~' ae;f 


C e f c _ T, 

b — 1 [cef] ^ b 


Therefore, since C^ e ^ c \ = 0 this is zero and the right-hand side of eq. CD vanishes and thus the right-hand 
side of CD) vanishes as well. □ 


4 Type II universal spacetimes in five dimensions do not exist 

In this section, we prove theorem 11.21 i.e. we show that type II universal spacetimes in five dimensions 
do not exist. 

In five dimensions, all b.w. zero components of the Weyl tensor are determined by <&ij since can 
be expressed in terms of as Pd (see also ©) 

SijJM ( °= ’ 4 + 2 ( 24 ) 

As has been already pointed out in section [2j for universal spacetimes, all conserved symmetric rank- 
2 tensors constructed from the Weyl tensor and its derivatives are also proportional to the metric. By 
lemma 13.21 the rank-2 tensor C ac deC b cde is conserved for universal spacetimes and thus for universal 
spacetimes 

s[ f 6 } = CacdeC b cde = Kg ab , (25) 

with K being a constant. The contraction of this equation with the frame vectors £ a n b and 
(employing CD) gives 

2$$| _ 3 $a $a _ + 5a (2$f- $ 2 ) = j5a, (26) 

where 

K = 2 (d> 2 - 3+ $s $s ) (27) 

Let us choose a frame with diagonal (not necessarily parallclly propagated). Clearly, eq. (l26l) implies 
that the off-diagonal components of < I 'tk^fk vanish and thus two of the three independent components of 
vanish. Without loss of generality, we take T®- and d>A- in the form 

/ Pi 0 0 \ / 0 a 0 \ 

*a = 0 p 2 0 , = -a 0 0 . (28) 

V 0 0 p 3 / \ 0 0 0/ 

Then, eq. (l26l) reads 


Pi 2 - 3p 2 P3 - P 1 P 2 - PlP3 = 0, 

(29) 

P2 2 - 3pip 3 - pip 2 - p 2 p 3 = 0, 

(30) 

P3 2 - 3pip 2 - pip 3 - p 2 P3 + 3a 2 = 0. 

(31) 

Note that by subtracting the first two equations we get 

{p l - P 2 )(pi +P 2 + 2p 3 ) = 0. 

(32) 


The only non-trivial solution of CD (ED is 

/p0 0\ / 0±p0\ 

= 0 p 0 , = ( TP 0 0, (33) 

\0 0 0 / \ 0 0 0 / 
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which satisfies 


(34) 


Q n $ 

GijQjk = -Q 


ik ’ 


$ A $ S , = — $ A 

ij jk c\ ik J 


$ A $ A , = -—$ s , 
*J jk o ife' 


Now, let us use the necessary condition for universal spacetimes from lemma [373 

s (3) = C cde fC cdga C ef \ = K'g ab , K' = const. 


(35) 


Contracting this equation with m^\ using (12411 and (l34l) . leads (after long but straightforward 

calculations) to 

S§ ) =12* 2 *% = K'5 ij , (36) 

which holds only for p = 0 = K'. Together with (l33ll . this implies that 4>y (and thus also all b.w. zero 
components of the Weyl tensor) vanishes which concludes the proof of theorem ll.2l Since only conditions 
(1551) and (1551) were used, type II O-universal spacetimes do not exist in five dimensions. 


5 Recurrent type II universal spacetimes 


In this section, we study recurrent spacetimes, i.e. spacetimes admitting a RNV 


&a;b — L\\£ a £i). 


(37) 


By comparing (1371) with m, it follows that pij vanishes and recurrent spacetimes thus belong to the 
Kundt class (see e.g. [5]). In fact, such spacetimes coincide with the t* = 0 subclass of the Kundt metrics 
(see eq. (45) in j3]). As pointed out in [IjEj], for Einstein Kundt spacetimes, £ is an mWAND and thus 
the Weyl tensor is of the type II or more special . 

For recurrent Einstein spacetimes, the Newman-Penrose equation (A5) of [7] reduces to 


. R , 

^ij — / , , Oij — 

n(n-l) J 


* r 

n- 2° ij ' 


(38) 


where 


. d- 2 a 

* = -J3T a - 


(39) 


Projections of the necessary condition for universal spacetimes (l25l) onto (£, n) and (m 
give 


K = 


n — 2 


(i) 

5 


i(^) planes 


(40) 


and 


^iklm^jklm — 


2 n{n — 3) 
(n - 2) 2 




(41) 


respectively. 

In the A = 0 case, equation (l39l) implies $ = 0 and from (l38l) and the trace of (l4lT) . it then follows 
that all b.w. zero components of the Weyl tensor vanish and thus in arbitrary dimension 


Proposition 5.1. There are no recurrent Ricci-flat genuine type II O-universal spacetimes. 

However, recurrent Ricci-flat type III and N universal spacetimes do exist [4j. Note that pp-waves, i.e. 
spacetimes admitting a CCNV, are obviously recurrent and since Einstein CCNV spacetimes are Ricci 
flat, type II O-universal pp-waves do not exist. Note also that proposition 15.11 cannot be generalized to 
proper Einstein spacetimes - in section [6j we provide examples of recurrent type II universal Einstein 
spacetimes with A ^ 0. 

Using © , we can express eq. m in terms of <tjkim as 


^iklm^jklm — 


2 (n — 1 ) 2 (n — 4) 
(n — 2 ) 2 {n — 3) 




(42) 


The left-hand side of the above equation identically vanishes in four and five dimensions. In four dimen¬ 
sions, vanishing of the right-hand side is guaranteed by the factor (n — 4), while in five dimensions this 
implies 

•!> = 0 for n = 5. (43) 
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Consequently, for Einstein type II recurrent spacetimes obeying (1751) . all b.w. 0 components of the Weyl 
tensor vanish. For Einstein spacetimes, the field equations for quadratic gravity imply (l25l) ITTFI and thus 

Proposition 5.2. In five dimensions, there are no genuine type II or D recurrent Einstein vacuum 
solutions of quadratic gravity. 

Therefore, in the recurrent case, the condition (12511 is sufficient to exclude the existence of five¬ 
dimensional O-universal solutions. 


6 Examples of type II universal spacetimes 

In this section, we construct explicit examples of type II universal spacetimes. 


6.1 Universal type D product manifolds 

Let us consider N manifolds (M 0 , g^ bo ), (Ml, g^ bl ), . ..(Mjv-i, 9^11 n-J and construct an n ~ 
dimensional Lorentzian manifold M as a direct product of Mo, Mi, ..., M/v-i- For definiteness, let 
us assume that Mq is Lorentzian and M\... M/v_i are Riemannian. Corresponding dimensions and the 
Ricci scalars will be denoted by n a and R a , respectively (a = 0... N — 1). 

All tensors T that can be split similarly as the product metric (i.e. all mixed components vanish and 
Ta a b a ...c a = c for all values of a) are called decomposable. The Ricci and the Riemann tensors 

are decomposable while the Weyl tensor is not [22j (see also section 4 of C2I)- 

Since the Ricci tensor is decomposable it follows that M is Einstein if and only if each M a is Einstein 
and 

Ra R ° - 1 " 1 (44) 


= 1...N- 1. 


n 0 


From (I25D and m, it follows that for universal spacetimes 

RacdeR b cde = Kg ab , 

where K is constant. 

Let us now assume that each block (M a , ) is universal and therefore 

d(“) R (a)c a d ct e a _ Kg JoQ 

n a a c 0 d 0 e 0 A b a ~ „ Oa a b a ’’ 

I Lev 


(45) 


(46) 


where K a = R { ^ de R {a)acde is the (constant) Kretschmann scalar of M a . As a consequence of the 
decomposability of the Riemann tensor, R ac deR b cde is also decomposable (in fact, all rank-2 tensors 
constructed from the Riemann tensor without covariant derivatives are decomposable). It thus follows 
that for M 


RacdeR b CdB = —gab ^ a = 1 ... N - 1. 

n n a no 


K 


K n Ko 


(47) 


Now assume that each M a is maximally symmetric (and therefore also Einstein). With this assump¬ 
tion, each M a obeys (TUI) with 


K a = 


2 R n 


n a (n a - 1) 

(this is the value of the Kretschmann scalar for maximally symmetric spaces). 


(48) 


The product manifold M is then Einstein and obeys (1471) if and only if (see also (l92l) l 

n a = no, R a = Rq, a = 1... N — 1. (49) 


If each M a is maximally symmetric, of the same dimension and with the same value of the Ricci 
scalar, it is clear that any polynomial curvature invariant constructed from the Riemann tensor and 
its covariant derivative^] has the same constant value for all M a . Since each M a is universal, for each 
M a , all rank-2 tensors constructed from the Riemann tensor and its derivatives are proportional to the 

3 Note that for quadratic gravity, K is not constant in general, however, it is constant for Einstein recurrent spacetimes. 
4 In this case, covariant derivatives of the Riemann tensor obviously vanish. 


7 





metric. As argued above, the constant of proportionality (being a curvature invariant) is (for a given 
rank-2 tensor) the same for all M a , a = 0... N — 1, and thus also all rank-2 tensors constructed from the 
Riemann tensor on M are proportional to the metric on M. Note that the above statement also holds 
for the Weyl tensor (this can be shown using (1131) and mathematical induction). Thus we arrive at 

Proposition 6.1. Let M= Mq x M\ x • • • x Mjv-i and let all M a , a = 0 ... N — 1, be non-flat maximally 
symmetric spaces. M is universal if and only if the dimensions and the Ricci scalars of each block M a 
coincide (i.e. n a = no, R a = Ro for all values o/ct,)@ 

In contrast with rank-2 tensors constructed from the Weyl tensor, the Weyl tensor itself is not de¬ 
composable and although each M a is conformally flat, M is of the Weyl type D. Corresponding frame 
components of the Weyl tensor are given in appendix [A] Note that for no = 2, the mWAND i is recurrent 
while for no > 2, it is not. 

According to the above proposition, one can construct a type D universal spacetime as a direct 
product of maximally symmetric spaces if and only if the dimension of M is a composite number. For 
prime number dimensions, such universal spacetimes obviously do not exist. 

6.2 Type II Kundt universal metrics 

Now, let us construct more general universal metrics by replacing the maximally symmetric Lorentzian 
space Mo from proposition 16.II by an appropriate Kundt spacetime. 

Proposition 6.2. Let M = Mq x Mi x • • • x Mjv-i, where Mo is a Lorentzian manifold and Mi... Mjv-i 
are non-flat Riemannian maximally symmetric spaces. Let all blocks M a , a = 0 ... N — 1, be of the same 
dimension and with the same value of the Ricci scalar R a . If Mq is a Kundt proper Einstein (A ^ 0,) 
genuine type III or N universal spacetime then M is a type II universal spacetime. 

Proof. By Propositions 4.1 and 5.1 of [3], covariant derivatives of the Weyl tensor for a type N and III 
Einstein Kundt spacetime have only negative b.w. components. Hence 

Lemma 6.3. Curvature invariants of type N and III Einstein Kundt spacetimes are identical to those of 
(A)dS with the same value of A. 

Let us take a conserved symmetric rank-2 tensor T on M constructed from the Riemann tensor and 
its covariant derivatives. From the decomposability of the Riemann tensor and its covariant derivatives, 
it follows that T is in general either decomposable or a tensor product of two vectors. Note that all 
vectors constructed from the Riemann tensor and its covariant derivatives must contain at least one 
odd derivative of the Riemann tensor. Since in our case covariant derivatives of the Riemann tensors of 
Mi,..., Mjv-i vanish the tensor product T is also decomposable. 

It thus follows that T = diag(T (<1 ^, T (1 \ ..., t'^ - 1 -*), where T (a \ a = 0 ... N — 1, is an analog of T 
on M( a ). Note that by construction T (1 \ ..., T (Ar_1) are conserved and thus (due to the conservation of 
T) T <0 ' is also conserved. 

By assumptions of proposition 16.21 all spaces M( a ), a = 0 ... IV — 1, are universal and thus it follows 
that T (q) = A<“> g( a ) for all values of a. Furthermore, A*-"- 1 is a curvature invariant on M( a ) (proportional 
to the trace of T^ and not affected by negative b.w. components) and thus by lemma RP1 A^°) = A^ = 

• • • = A^ -1 ). Consequently T is proportional to the metric g = diag(g^°\ g6),..., gW- 1 )) on M and 
since T is an arbitrary conserved rank-2 tensor M is a universal spacetime. □ 

In section 6.2 of [1], various explicit examples of type N universal metrics are given that can be used 
to construct type II universal metrics using Proposition 16.21 In contrast, all known type III universal 
spacetimes are Ricci-flat and thus at present, they cannot be used in this way. 

Note that in proposition 16.21 the condition that Mq is of the genuine type III or N implies that the 
dimension of Mq (and thus also of all other blocks) is at least 4. The unique mWAND l of Mq corresponds 
to the double WAND of M. By comparing components of $>ij expressed in (1551) and (1891) . it follows that 
I is not recurrent (r, ^ 0). 


5 Note that this proposition in fact holds for arbitrary signatures of M a . 



7 Higher-dimensional generalizations of the Khlebnikov— Ghanam— 
Thompson metric 

In section 5.2 of pQ, a higher-dimensional generalization of the Khlebnikov-Ghanam-Thompson metric 
mm, representing gravitational radiation in the (anti-)Nariai spacetime [16111 7j . was studied consisting 
of two blocks of dimensions 2 and n— 2 , where the n— 2 -dimensional space was considered to be maximally 
symmetric and it was observed that while the four-dimensional case is universal, the higher-dimensional 
generalization is not. 

Here, we present different higher-dimensional generalizations of the Khlebnikov-Ghanam-Thompson 
metric consisting of N 2-blocktjj (section [7. 2D or 3-blocks (section [7.3D with all Riemannian blocks being 
maximally symmetric. We study conserved symmetric rank-2 tensors constructed from the Riemann 
tensor and we find that for 2-blocks, they are proportional to the metric while for 3-blocks, an additional 
condition arises. For 2-blocks, we also show that all conserved symmetric rank-2 tensors constructed 
from the Riemann tensor and its derivatives up to the second order are also proportional to the metric. 
Thus these metrics are 2-universal and solve vacuum equations of e.g. all L(Riemann) gravities. We also 
conjecture that a certain subclass of these spacetimes is universal. 

7.1 Type II Kundt spacetimes with boost order -2 covariant derivatives of 
the Riemann tensor 

In this section, we prove that under certain assumptions (that are satisfied for the metrics given in sections 
1721 an d 0 all covariant derivatives of the Riemann tensor of a type II Einstein Kundt spacetime are at 
most of boost order — 2 . 

Proposition 7.1. For a type II Einstein Kundt spacetime admitting a null frame parallelly propagated 
along an mWAND I, for which the following assumptions are satisfied 

1- %k = 0 , 

2. DQC = 0 , 

3. the boost order o/V^C is at most —2, 

all covariant derivatives of the Weyl tensor k > 1, are at most of boost order —2. 

Proof. Under the assumptions of the proposition, the Ricci and Bianchi equations for the quantities of 


b.wQ b imply 

6 = - 2: 

D 3 n'i = 0 , DCL'ij = 0 , 


(50) 


b = —1 : 

D 2 Lu= 0, D 2 p' ij = 0, 

D 2 Mj 1 = 0, 

(51) 


6 = 0 : 

D<S>ij = 0, D<f> ijkl = 0, 

DMjk = 0, Dn = 0, DL U = 0. 

(52) 


Following m and [4], we define a 1-balanced scalar and a 1-balanced tensor: Let us say that a scalar 
r] with the b.w. b is 1-balanced if D~ b ~ 1 g = 0 for b < —1 and rj = 0 for b > —1 and that a tensor is 
1-balanced if all its frame components are 1-balanced scalars. Obviously a 1-balanced tensor admits only 
non-vanishing components of b.w. < — 2 . 

Since the conditions (l50ll - (l52l) are the same as eqs. (28)-(30) for type N spacetimes in [4] (except for 
the conditions for b.w. 0 components that are missing in type N), one can use the same proof to show 

i i 

that for a 1-balanced scalar g, scalars Lug, Tig, Lug, nig, phi 7 , Mjig and Mkig and Dg, dig, Ag are 
1-balanced scalars. Note that if we denote frame components of a tensor by gi then frame components 
of its covariant derivative consist of terms Lugi, r^, ..., dig, Ag. 

It thus follows that 

Lemma 7.2. For type II Einstein Kundt spacetimes obeying {50| 452} in a frame parallelly propagated 
along an mWAND i, a covariant derivative of a 1-balanced tensor is a 1-balanced tensor. 

6 The 2-block case is in fact a special vacuum subcase of metrics discussed in El' see eqs. (2.1) and (6.25) there. 

7 In the balanced scalar approach, we are interested in the b.w. under boosts with constant A, in this sense e.g. Lp has 
b.w. —1. 
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The Weyl tensor for type II Einstein Kundt spacetimes is not 1-balanced, however, in particular 
cases (including the examples discussed in sections 1772117.3D . V (1 ^C is 1-balanced. Then, by lemma m 
proposition 17.11 follows. 


□ 


Let us conclude this section with the following lemma 

Lemma 7.3. For spacetimes obeying the assumptions of proposition | 7. 1 \ all rank-2 tensors T a b con¬ 
structed from the Riemann tensor and its covariant derivatives obey (for k >1): 

(i) If T a b is quadratic or of higher order in V^C then it vanishes. 

(ii) If T a b is linear in V^C then it is conserved. 

Proof, (i) All components of an arbitrary rank-2 tensor T a b have b.w. > —2, however, for a tensor 
obeying the assumptions of proDOsition l7.ll terms quadratic or of higher order in V^C have b.w. < —4. 
(ii) By proposition [TT] T a b- C only admits components of b.w. < —2 and therefore its trace vanishes since 
a rank-1 tensor has components of b.w. > — 1. □ 


7.2 A generalization of the Khlebnikov—Ghanam—Thompson metric consist¬ 
ing of 2-blocks 

Here, let us study necessary conditions for universality of a higher-dimensional generalization of the 
Khlebnikov-Ghanam-Thompson metric consisting of N 2-blocks 


N -1 


ds 2 = 2dudv + (Xv' 2 + H(u, x a , y a ))du 2 + — ^ (dec 2 + s 2 (ec„) dy 2 ), 

1 1 (A — 1 


(53) 


where s(x a ) = sin(x a ) for A > 0, s(x a ) = sinh(x a ) for A < 0. The metric (15511 is Einstein iff H obeys 


UH = 


'JV-l 

E Q( ° 

.a:=0 


H = 0, □(“) = V a( “> V a 




□ (a) # = |A| (H XaXa + -J-^H, VaVa +ct(x a )H, Xa ) for a = 1,..., IV — 1, 
V S \ X a) J 


(54) 


where c(ae a ) = cos(ae a ), ct(x a ) = Spsj for A > 0, c(x a ) = cosh(:r a ) for A < 0 and where Ilf 0 )# vanishes 

S \Xoi) (( 

identically. Note that in contrast with the cases discussed in section [61 the Riemann and Ricci tensors are 
not decomposable, due to the dependence of H on x a and y a , and non-zero negative b.w. components of 
the Riemann and Ricci tensors appear (see appendix [Bj. 

These type II Einstein Kundt metrics admit a recurrent (t* = 0) multiple WAND I = du. In a frame 
parallelly propagated along I , in which = 0 (this follows from pF = 0 and the Ricci eq. (Ill) in [19] 1 
and DFl'ij = 0, the boost order of V^C is at most —2 (see appendix iBl). Thus, all the assumptions of 
proposition O are satisfied and therefore all covariant derivatives of the Weyl tensor admit only terms 
with b.w. —2 or less. 

The b.w. zero part of the Riemann tensor is decomposable and can be written as 


(°) . 

R ab cd =A 


N -1 


(6^r c (6^) b d - (s^r d (s^) b c +j2 ((a {a) ) o c(* (a) ) 6 , 


y d -(6 {a) ) a a 


(M a )) b 


, A = 


A 


no - 1 


.(55) 


Note that in an appropriately chosen frame (e.g. the frame (1981) given in appendix IBl). the b.w. zero frame 
components of the Riemann tensor are also decomposable. 

The operator -.TM^TM can be seen as a projection operator projecting onto the piece. 
They fulfill (as operators): 


§( a )§(0) 


' a = 


/ a n-i 

°:i, htm=©«<->. 


a—0 


We also note that the b.w. 0 component of the Riemann tensor possesses the discrete symmetries: 

u(a,/3): (56) 


These tr(a,/9)’s generate the group of permutations of the N projection operators. 
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7.2.1 Rank-2 tensors constructed from the Riemann tensor 

In this section, we show that all symmetric rank-2 tensors T a f, constructed from the Riemann tensor are 
proportional to the metric, i.e. this metric is O-universal. 

As mentioned above, the b.w. 0 part of the Riemann tensor (1551) is decomposable. Therefore, any sym- 

( 0 ) 

metric rank-2 tensor T a & constructed from R ab cd is also decomposable and due to (1551) also proportional 
to the metric. 

(- 2 ) 

Let us proceed with terms containing b.w. —2 components of the Weyl tensor C abed (note that 

for Einstein spacetimes, these are equal to b.w. —2 components of the Riemann tensor). Obviously, a 

( 0 ) , (- 2 ) . (- 2 ) 
non-vanishing rank-2 tensor constructed from R ab cd and C abed can contain at most one term C abed- 

Therefore, we are left with the cases 


7Z ab 

(-2) 

C •amb-) 

(57) 

7Z abc , 

(-2) 

C abemi 

(58) 

yabed 

^ •• 

(-2) 

C abed 5 

(59) 


V-V T 

where TZ‘“ are rank-2, 4 and 6 tensors constructed from R cd and free indices are indicated by •. 

, (- 2 ) (- 2 ) 

• TZ C ma»b- Since TZ is proportional to the metric and C abed is traceless, the case (1571) obviously 

vanishes. 

, (- 2 ) ( 0 ) 

• 7Z aDC , C abc* : Since R ao cd is decomposable it follows that 7 Z is either decomposable or a tensor 

product of two rank -2 decomposable tensors (which are both proportional to the metric). 

— In the latter “2 Cg) 2” case, (1551) obviously vanishes. 

— Let us proceed with the rank-4 decomposable case: 

The tensor (1551) has b.w. —2 and therefore it can be expressed as 

n ahc i~c abcl i.i ., (60) 

(- 2 ) 

where indices a , 6 , c and 1 are now understood as frame indices. C abci can be non-vanishing 
only for c taking value i (i.e. belonging to the spacelike blocks). However, in such a case, (1601) 
and (1551) vanish due to the decomposability of the first term. 

• 7 z abcd " (j abcd: Similarly as above, 7Z abcde f appearing in (1551) is decomposable or it is a 2 ® 2 ® 2 
or 2 ® 4 tensor product of decomposable tensors. 

— If R abcde f is decomposable then (1551) vanishes (one can use similar arguments as for the van¬ 
ishing of (1551) 1. 

t- 2 ) 

— For the case 2 ® 2 ® 2, (1551) vanishes due to the tracelessness of C abed- 

— In the 2 ® 4 case, 7Z abcde f = 7Z ab 7Z cde f . If 7Z ab has no free index, then (155)) vanishes due 

(- 2 ) 

to the tracelessness of C abed- If 7Z ab has one free index then (1551) vanishes thanks to the 
decomposability of 7Z cde f , i.e. terms like 7Z 0zl i vanish. If 7 Z ab has two free indices, then (1591) 
vanishes due to the vanishing of g\ \ . 

We thus arrive at 

Proposition 7.4. The metric (1551) . (1551) is 0-universal. 

Obviously, it follows that 

Corollary 7.5. The metric (153|) . (1541) is a vacuum solution to all gravitational theories with field equations 
(derived from the Lagrangian (O ) that may contain derivatives of the Ricci tensor but do not contain 
derivatives of the Riemann tensor. 

Examples of such theories are Lovelock gravity (no derivatives of the Ricci and the Riemann tensors) 
or quadratic gravity (the field equations of this theory contain derivatives of the Ricci tensor but do not 
contain derivatives of the Riemann tensor). 


11 


7.2.2 Rank-2 tensors constructed from the Riemann tensor and its 2nd covariant deriva¬ 
tives 


Recall that by proposition 17.II for the metrics (l53l) . (1541) . all covariant derivatives of the Riemann tensor 
are of the boost order < —2 and thus a non-vanishing rank-2 tensor constructed from the Riemann tensor 
and its derivatives may contain at most one term with a derivative. Therefore, it is sufficient to study only 
terms which are linear in (obviously even) covariant derivatives of the Riemann tensor that are conserved 
by lemma 17731 Thus, let us proceed with studying rank-2 tensors constructed from the Riemann tensor 
and its second covariant derivatives. 

The requirement that conserved symmetric rank-2 tensors containing second covariant derivatives of 
the Riemann tensor are proportional to the metric leads to a new necessary condition on the metric 
function H. For instance, the following rank-2 tensor 


R c9 eh R dh f g ^ f) C acbd 


(61) 


vanishes for the metric (|55|) , (f5ffl) iff 


~N -1 

E ( n(Q) ) 2 

. a—0 


H = 0. 


(62) 


In the following, we show that (1621) is in fact a sufficient condition on H for 2-universality of the 
metrics m , flsH) . 

Let us start with the following lemma: 


Lemma 7.6. For the metrics (1551) . (|M|) . all rank-2 tensors constructed from the Riemann tensor and its 
2nd covariant derivatives that contain any trace of V a V bC c def vanish. 

Proof. Since the Weyl tensor is traceless, we only have to consider terms i) V a V c C cde f, h) V e VbC' c de/ 
and iii) V b VbC cc z e /. Due to the Bianchi identity, the case i) vanishes identically. The case ii) can be 
expressed in terms of the case i) using the expression for the commutator of covariant derivatives for any 
tensor T 

[Va, Vb]T Cl .... Cfe = T d ... Ck R Ciab + • • • + T Cl , ,, d R c k ab- (63) 

By proposition 17.11 for T being the Weyl tensor, the left-hand side of (R)51) is of the boost order < 
—2. Therefore, the right-hand side of (l63l) is also of the boost order < —2. The corresponding rank- 
2 contraction with further Riemann terms is of the boost order < —2, however, taking into account 
proposition 17.41 such contraction has to vanish. The case iii) can be easily expressed in terms of case ii) 
terms using the Bianchi identity. □ 


Note that for the metrics (pi) . (j54|) . the contraction C abcd;e £ a £ c vanishes. By further differentiation 
(and taking into account that £ is recurrent), one arrives at the useful relation 


C abcd -ef£ a £ c = o. 


(64) 


Now, let us proceed with possible rank-2 tensors constructed from the Riemann tensor and its 2nd 
covariant derivatives. Cases to consider are 

1. 1l abcd V {a S7 b) C c . d . , 

2. R ,abcde V {a V b) C. cde , 

3. n” abcdef v {a v b) c cdef . 

We can consider only the symmetric parts in the cases 1, 2, and 3 since from (1631) . the antisymmetric 
parts are proportional to the terms treated in section 17.2.11 that are proportional to the metric. Note 
that all cases with one or two free indices in the V Q V b C cde f part can be reduced to the case 2 and 1, 
respectively. This can be shown using the Bianchi identities, a relation for the commutator of covariant 
derivatives (1S51) and the results of section 17.2.if 

8 1A) Terms V.V®CV.. can be converted to terms belonging to the case 1 using the Bianchi identities; IB) terms 
V«V.CV.. (using the commutator (1631) ) consist of terms 1A) plus terms not involving covariant derivatives, discussed in 
section 17.2.11 that are proportional to the metric; 1C) terms V«V«C... can be expressed as terms IB) using the Bianchi 
identities. Similarly, cases with only one free index in the VaV^Ccde/ part can be converted to the case 2. 
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. n abcd S7 (a S7 b) C c . d .-. 

7Z abcd either 2 ® 2 or decomposable. 

— The 2 ® 2 case is trivial due to lemma 17.61 

— The decomposable case: since the tensor product commutes with permutations er(a,/?), 7Z ab cd 
has to preserve permutations as well. It is thus a symmetric polynomial in <5^“^’s. 7Z ab cd is 
therefore a linear combination of J2a=o(^ a ^) a c(^ a ^) b d an d 12a=o i(^^) a d(^^) b a however, 
due to the symmetries of the expression 1, we can consider just the first term that leads to 
(RSI) (see also (RSIO . 

The case 1 is thus either trivial or it reduces to the condition (RSI) following from (RSI) . 

• 7Z* abcde V ( a V b) C mcde : 

'Rabcdef bdcmgg to one of the following subcases: 

i) 2 ® 2 ® 2 

ii) 2 ® 4 

iii) decomposable 

— In the case i), the expression 2 obviously vanishes due to lemma [77711 

— In the case ii), TZ abcde f = 7Z ab 7Z cde f . The free index now belongs either to 7 Z ab or to TZ cde f . 
The first case reduces to the case 1, while the second case vanishes by lemma I7S1 

— The case iii): Since the expression 2 has b.w. —2, both free indices correspond to b.w. —1 (i.e. 
the upper index is 0 or the lower one is 1). Since 7Z abcde f is decomposable, all indices in the 
expression 2 are either 1 or 0. Taking into account that the first term 7z abcde f is of b.w. 0, 
while the second term V( a V b )C, cde is of b.w. —2, we find that the expression 2 reduces to 
7?.oioioiV( 1 V 1 )Cioio- The second term, V^V^Cioio = '\7( a S7 b -)C cde fi c n d (. e n^n a n b , vanishes 
due to (l64l) . 

Case 2 terms thus do not lead to new conditions on the metric. 

• 7Z** abcde f V (a Vf,) C cde f: 

j^abcdefgh k e i on g S t 0 one 0 f the following subcases: 

i) 2 ® 2 ® 2 ® 2 

ii) 2 <g> 2 ® 4 

iii) 2 ® 6 

iv) decomposable 

— In the case i), the expression 3 obviously vanishes due to lemma 17.61 

— In the case ii), there is either a rank-2 tensor 7Z ab with both dummy indices, which vanishes 
by lemma [7761 or 7Z ab has one free index, which reduces to the case 2 ii). 

— If in the case iii), 7Z ab has no free index or one free index then again the expression 3 vanishes 
or reduces to the case 2 iii), respectively. If 7Z ab has two free indices then the expression 3 
is TZ ** times a full contraction of a b.w. —2 tensor, which is obviously zero. Note that TZn 
vanishes since gn = 0. 

— The case iv) is similar to the case 2 iii) and similarly we obtain a product of a b.w. zero 
component Ji abcde fsh w jth indices either 1 or 0 and V 1 V 1 C 1010 that vanishes (see (J64j)). 

Thus case 3 terms also do not lead to new conditions on the metric. 

We can thus conclude with 

Proposition 7.7. The metric (1551) . (1551) . obeying (1551) is 2-universal. 

Thus in addition to the theories mentioned at the end of section 17.2.11 the metric (1551) , (1551) obeying 
(l62l) also solves the vacuum equations of e.g. all L(Riemann) gravities. 
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7.2.3 Rank-2 tensors constructed from the Riemann tensor and its 4th and higher covariant 
derivatives 

Now, let us proceed with studying rank-2 tensors constructed from the Riemann tensor and its covariant 
derivatives of the 4th and higher order. As in the section 17.2.21 . it is sufficient to study only terms which 
are linear in covariant derivatives of the Riemann tensor that are conserved by lemma 17751 

For higher-order derivatives, we will have more possibilities of J^ ab - cd constructed from tensor prod¬ 
ucts of the b.w. 0 components of the Riemann tensor, eq. (1551) . Let us consider a general case where 
N blocks are of a dimension uq. Then, using eq. (1551) as well as the permutation symmetry generated 
by eq. ([56]), the tensor 7 Z ab - cd should be invariant under this permutation symmetry. A classical result 
from invariant theory states that invariant polynomials in N variables are generated by the N power 
sum symmetric polynomials Sk(xi, ...,xn) = {xi) k + ■■■ + (a ’N) k , k = 1...N. We can use this to construct 
tensors invariant under the permutation symmetry (1561) 


D k = 



(65) 


or in the component form: 

JV-l 


<2=0 


CLk 

bk 


+ ... + ^ N - 1 ^ ai b • ••(E v - 1 )) 


b k ' 

( 66 ) 


To see that these tensors are actually constructable from eq. m, we first note that the trace of eq. m 
gives the Ricci tensor (there is no loss of generality to set A = 1) 


r><2 _ 7~) & 

K b ~ b’ 

Next, define A^ al> cd = 2 (£(“)) b Then 

A ( < d A ( « Ce / s =0 ( a * 0 ), 

while if a = /3 and doing the double contraction: 

a b * \ nr> / / ' \ b 


A (*) ab cdA (*) ce ag = {nQ _ 1) (>)) ^ (A(“)) e - A<“> 


be 


dg- 


Therefore, 


(67) 


/ N—l 


f N -1 


/ N—l 


R ab cdR c \g = E A(Q)a - E A(/3) E, = E A(a)af > (0 


ag 


V (2=0 


3=0 


V (2=0 


N—l 


N—l 


(no - 1) £ „ ( SM Y - £ = (no - 


( 2=0 


Thus 


D 


be 

2 dg 


(2 = 0 


1 ((°Kh <°E„ (o), 

1 j-fCib r>ce \ r> be 

cdag ' ^ dg J ' 


n 0 -1 


( 68 ) 


(69) 


Once we have constructed Z? 2 , we can constuct the rest of the symmetric tensors D k iteratively by noting 
that 


D k ° 


bi^bk" 2 


T), bkC 


de 


= D k+1 ° 


bi...bk-lde" 


(70) 


These tensors will give new necessary conditions for the space to be universal (via expressions like (1711) 1. 

Let us consider the case where no = 2 and the 4th order derivatives. We proceed similarly as in 
section 17.2.21 and it turns out that everything reduces to the following cases: 
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• The case 1. 7?“ bcde ^V a VbV c VdC e ./.: The tensor D 3 defined above, gives an additional possibility 
where 

D 3 ace bdf V a V b V c V d C e J„ (71) 


giving the requirement 


'N—l 


E (° (a) ) 3 


.a—o 


H = 0. 


(72) 


• The case 2. TZ mabcdef9 W a W b W c W d C. efg 

— which for Ji* abcde fg decomposable, leads to a term proportional to Cioiopon 

— for a tensor product of 2 rank-4 decomposable tensors 4 ® 4, leads to terms like 
n mm n^ kl Cuij-oiki 

• The case 3. H” abcdef9h V a V b V c V d C efgh - this case is either trivial or reduces to the case 1 or 2. 


We note that for higher derivatives, we will get the additional tensors Dk giving additional conditions 
^ ( ^r o 1 (D^ a ' , )' P H = 0, for some integer P. In our case, we notice that the symmetric polynomials give 

rise to symmetric polynomials in the (2nd order differential) operators I3 a ). These operators commute: 
[□(“), D^] = 0 for the general Khlebnikov-Ghanam Thompson space. The b.w. 0 component of the 
Riemann tensor is invariant under the permutation symmetry and thus we expect a rank-2 tensor to 
be invariant under this permutation symmetry as well. Higher-order derivatives will then give us ex¬ 
pressions which are ‘symmetric polynomials’ in the operators □(“). Since the operators commute any 
symmetric polynomial in the operators can be generated by the N power sum symmetric polyno¬ 
mials Sfe(D < '°\ ..., mC^ -1 )), k = 1,..., N. Consequently, we do not expect any additional conditions then 
those of the form (□( c b)- p H = 0. Indeed, since any symmetric polynomial in the operators 

is also finitely generated, we can assume P = 1 ,,N. Therefore, we conjecture 

Conjecture 7.8. Metrics (1531) . (1541) obeying the following set of N equations 


' N-l 

E 

. ct—0 


(□(“)) J 


H = 0, 


(73) 


where P = 1... N, are universal. 


We note that all these conditions are necessary for all P = 1 ,N, which can be easily seen by 
assuming H to be a simultaneous eigenvector for all O^H = A a H. 


7.3 A generalization of the Khlebnikov—Ghanam—Thompson metric consist¬ 
ing of 3-blocks 

Let us study a higher-dimensional generalization of the Khlebnikov-Ghanam-Thompson metric consisting 
of N 3-blocks (see appendix IQ for the Ricci rotation coefficients and components of the Weyl tensor) 

2v 2 2 

ds 2 = 2&u&v + H(u, z,x a ,y a ,z a )du 2 + 2—dudz - ~r^dz 2 - - V' [dx 2 a + sh 2 a (d y 2 + s^dz 2 )] , (74) 

Z AZ z A L ^ 

Q) = l 

where, in this form, only negative A is allowed and s a = sin(y Q ), sh a = sinh(a; a ). 

The metric (1741) is a Kundt metric of the type II, where now, in contrast with the 2-block case studied 

in section e a the mWAND t is not recurrent. The metric dz3D is Einstein iff H obeys 

OH - 2\zH, z = 0 (75) 

and then it satisfies all the assumptions of proposition 17.11 (see appendix [Cj and thus all covariant 
derivatives of the Riemann (and Weyl) tensor are of the boost order < —2. 

Now, let us study conserved symmetric rank-2 tensors constructed from the Riemann tensor. The 
b.w. zero part of the Riemann tensor is decomposable as in the 2-block case (1551) . In order to show that 
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such rank-2 tensors are proportional to the metric, one can essentially repeat the proof of section 17.2.11 
except for terms like 

n ab \ { c\ bd, (76) 

appearing e.g. in (IfiOll . that now do not vanish due to the decomposability of lZ abcd , since in principle 

(- 2 ) 

terms like 1Z 212 1 C 2121 = lZ 212 1 fl , 22 might appear. For the metric (1741) . (1751) . G' 22 vanishes iff 

jv —1 

n (a) H = 0. (77) 

Oi — 1 


Rescaling H 



tup* 

II 

tq 

(78) 

the Einstein equation reads 

N -1 



M 

□ 

trj. 

II 

o 

(79) 


a =0 


and together with (1771) gives 

U^H = ^(zH, zz -H, z ) = 0 , 

(80) 

which is satisfied for 



H = hi(u 7 

? Va. 5 -^ck) H - ho(u, X&1 y a , Zofjz , H — ho -f~ — . 

Z z 

(81) 


We thus arrive at 

Proposition 7.9. The metric (T7H) . obeying (1771) and ED- is O-universal. 

Thus, similarly as in section 17.21 these metrics solve the vacuum equations of e.g. Lovelock gravity or 
quadratic gravity. 

We expect that a modification of conjecture 17.81 is valid also for the metric (1741) . 

Conjecture 7.10. The higher-dimensional generalization of the Khlebnikov-Ghanam-Thompson metric 
constructed from N 3- dimensional blocks m , satisfying H, z = 0 and the following set of N equations 


~N—1 

E( D (a) ) p 

_ Oi—l 


H = 0, 


(82) 


where P = 1... N, is universal. 

Obviously, in a similar way, one could also study a generalization of the Khlebnikov-Ghanam- 
Thompson metric constructed from an appropriate Kundt form of a maximally symmetric no-dimensional 
Lorentzian space and TV — 1 no-dimensional maximally symmetric Riemannian spaces with no > 3. In¬ 
deed, we expect a modification of coniecture l7.10l to be valid for Khlcbnikov-Ghanam-Thompson metrics 
constructed from an arbitrary number of no-blocks, where H does not depend on v and spacelike coordi¬ 
nates of the Lorentzian block (then = 0). One can find examples of such spaces e.g. by choosing 

H = Y,a=i H(a) ’ where each is harmonic on their respective piece, = 0, and does not 

depend on the other coordinates. 
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A Weyl tensor of the product manifolds 


Let us consider an n-dimensional manifold M constructed as a direct product of N n a -dimensional 
maximally symmetric manifolds M a , a = 0,..., N — 1, n = no + n\ + ■ ■ ■ + n n—i- In order to derive 
frame components of the Weyl tensor, let us start with N = 2, i.e. first, let us consider an n = no + n± 
dimensional Lorentzian manifold M, which is a direct product of two maximally symmetric manifolds 
Mo and M\. Mo is no-dimensional and Lorentzian with the Ricci scalar Rq. Mi is m-dimensional and 
Riemannian with the Ricci scalar R\. As in [l2j , we adapt a frame to the natural product structure with 

gab = 2 £( 0 n fc ) + 5i 0 j 0 m^ o) m^ o) + 6 iljl m% 1 ' ) m[ J1 \ (83) 


where io, jo = 2 ... no — 1 and *i, ji = no ■ ■ ■ n — 1. 

First, let us observe that M is Einstein iff (l44l) holds. Even though Mo and Mi are conformally flat, 
M in general is not, since b.w. zero terms of the Weyl tensor are non-trivial. Using results of [123 (already 
assuming that (|44| holds), we obtain the following non-vanishing components of the Weyl tensor 


$ = - 


niRo 


no (no - 1 )(n - 1) ’ 
niR 0 


Qioio i i \ / -. \ ftiojo > 

no (no - 1 )(n - 1) 


Ro 


* iljl ~ n 0 (n-lp Ul ’ 


Aui) 


$ 


iojokoh 


niRo 


~ ‘25-; ., \ l~r, 3, 


io[ko°lo]ia > 


n 0 (n 0 - l)(n - 1) 

$ilJ ' lWl = ( ni - l)(n - l) 25ll[kl5ll]31 ' 
R ° 

^iojikoh 


n 0 (n- 1) 


3ir\kr\ 3 


iokoOjih • 


(84) 


(n\ j 

Now, we demand that M is also a vacuum solutions to the quadratic gravity, i.e. S y ab = C ac d e Cb = 


Kgab (see ([2510 . Components of S^ b are 


o(2) 

°01 


o ( 2 ) 
°iojo 


oC 2 ) 

1 


2ni Rl 

nl(n 0 - l)(n- 
2ni Rl 

nl(n 0 - l)(n - 
n 0 (ni - l)(n - 


1)’ 


^ j ^iojo > 
6\ 


1) 


nji • 


For (l85l) to be compatible with (|25]>. 

ni = n 0 , 


Thus, the Weyl tensor frame components read 


Ri — Ro- 


$ 






k 0 lo 

^iojikoh 


Rq 

(n 0 - l)(n - 1)’ 

Ro x 

(n 0 -l)(n— 1) ioJO ’ 

Rq r 


(n 0 - l)(n - l) 25io[k ° Slo]jo 
(n 0 -l)(n-l) 2Sil[kl5ll]n 

Ro x x 

/ -1 \ • 

n 0 (n - 1) 


(85) 

( 86 ) 


(87) 
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If for a direct product of p + 1 manifolds Mq = [no,i?o], • ■ •, M p = [n p ,R p ], no = ■■■= n p and 
Ro = • • • = Rp then the product is Einstein, satisfies (1251) and the Weyl frame components have the form 

<j>(p) = _ 


pR o 




{n 0 - l)(n - 1)’ 

PRO r 


l0j0 (n 0 — l)(n — 1) 


J M)JO > 


= - 


Ro 


$ 


(p) 


n 0 {n - l)“ w “’ 

pRo 


i a j a k a i a ( no -l)( n -l) 


~ i o ^ 0, 

[fee 7 


$ 


(p) 


-Rn 


no(n-l) 


&i a k a &jalnl & 7 ^ ft- 


( 88 ) 


Let us prove this by the mathematical induction. 

We assume that we have p manifolds Mo = [no, i?o], • ■ •, M p _i = [n p _i, R p _i] with no = ■ ■ ■ = n p - 1 , 
Ro = ■ ■ ■ = R p -1 and n = pno with 


<£(p-i) _ _ 


$ 


(p - l)fio 
(n 0 - 1 )(n - 1)’ 

(p-i) = (p - l)#o c 
ioJ ° (n 0 -l)(n-l) 0 


$ 


Wot 

(P-1) 

iajakalct 


Ro 


;S io 


n 0 {n - 1 )“‘“' 7 “’ 
(p - l)#o 


a ^ 0 


(no - 1 ){n - 1) 


2 8 , 


iot [fca ^ l a] jot 5 


<fv 


(p-i) 


Ro 




no{n - 1) 


biaka^jplnl ® 7 ^ Pi 


(89) 


where a, j3 = 0,... , p — 1 (if not stated otherwise) and we add M p = [n p , R p \ with frame indices denoted 
by i P 

$ ( P ) = Ro[{p ~ l)n 0 + n p ] 
n 0 (n 0 - l)(n - 1) ’ 

$ (p) = Ro[(p ~ l)n 0 + n p ] x 


Wo no(no-l)(n-l) Wo ’ 
Ro 

i* 3 ~ 


$( p) . = - 


$ 


(p) 

iajot k a lo 


n 0 (n - 1) 

[(p - l)^o + n p ]R 0 


fiiaja ) Ck 0 

[fc a ^a]ja 5 ^ 7^ P 


$ 


(P) 


$ 


r.J/3* 


(p) _ nr r 

i P j P k„l p - ( np _ l)(n- 1) 


no (no - 1 )(n - 1) 

^0 

^ = “no^-l)^^’ 

pR 0 


(90) 


where now n = pno + n p . 

/n\ j 

Considering the second-rank tensor S^ b ' = C ac d e Cb = Kg a b (see (|25|) h we get 


J ab 

o( 2 ) 2[(p — l)n 0 + n p ]Rg 

01 n§(n 0 - l)(n - 1) 

2pR§ 


which implies 
and (l88l) follows. 


C"(2) _ _ 

ipjp no(n p -\)(n-l)' Jlp3p ' 

no * — n p , Ro — * — R P 


(91) 

(92) 
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B The generalization of the Khlebnikov—Ghanam—Thompson 
metric consting of 2-blocks 


In this section, we derive Christoffel symbols, Ricci coefficients and Weyl coordinate and frame compo¬ 
nents for the higher-dimensional generalization of the Khlcbnikov-Ghanam-Thompson metric consisting 
of N 2-blocks (l53l) , considered in section EH 

The non-trivial Christoffel symbols for the metric (l53l) read 

C = =-iJ u + Ar>(A v 2 +H), T v uv = An, T v UXa = -H >Xa , T v uya = -H tVa , 

r UU — Y^’ Xa ' = ~~ 2 s 2 (a’ )H’ Va ’ ^ypy-y = — S ( Xa ) c ( x a)8 a ffy, r = ct (x a )S a /Sj, (93) 

where 8 a p T = 1 for a = /? = 7 , i.e. all indices correspond to the same block, and otherwise 8 af 3 T vanishes. 
The independent non-trivial components of the Riemann and Ricci tensors read 

Ruvuv Rux a uxp 7^^-iXaXpi Rux a uyp T^^iXctyp ~b — cX{Xg)H^y a ^a/3? 


R 


1 


1 


c)^iya.yp c\ ) c(*Ea 'jH^Xa 8aP > R: 


s 2 (x a ) 


■uyauyp — c^^.yaVp 2 


XaVffX^ys 


0cn/3 , y5 ■> 


(94) 


Ruu — \(\v ~h Ruv — ^5 Rx a xp — Sgn(A)^a:/3 ? Ry a yp — Sgn(A) S (#a:)^a/3) (95) 


where 


N ~i , X 

\3H = |A| ^ ^ ( H, XaXa + ~2(~ — 2 /a 2 /a c ^( x a)R,x a ) • 

i V S ( Xql ) J 

a— 1 N v ' ' 


(96) 


The Ricci scalar is constant R = nX. The metric (15311 is Einstein, R a b = \g a t , iff H(u,x a ,y a ) is a 
harmonic function. 

The non-trivial components of the Weyl tensor are 


r - n ~ 2 \ 

^UVUV — . 


n — 1 


a 


ux„ux p - 2 H )XaXp sgn(A) v n _ i 2A(n _ 2) 


A v 2 + H 


DH 


lap, 


Cuxauyp — 2 ( T CX{Xa)H^y a 8 a gj 


— r,^,VaVR S ( x a) 


uy a uyp — rf^^tVaVp 


1 , , rr /Aw 2 + H 

- ct [Xa)H,x a + Sgn(A) 


□if 


- 1 2A(n - 2) 


^a/5; 


xVXp 


sgn(A)_ ( 

n — 1 


c. 


uy a vyp 


= -s 2 (x a ) 


2 / \ s g n (A) 


n — 1 


c. 


XaXpX-yX/j — w , Ta[5&y],0> 


c. 


A (n — 1) 

s 2 ^) 


x a ypx^y s 


» ( &Oi(3 , y8 . ps')i 

A Tl — 1 


Ci 


y a ypy~fys 


2s 2 (x a ) s 2 (xp) 
X(n — 1 ) 


^a[5^7]/5 • 


(97) 
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One may introduce a parallclly propagated frame 


r = (0,1,0,..., 0), 

n = (ij ~ ^guu, o,..., o), 


r^ ) = (0,...,0, VW,0,0,. ..,0), 

r^ ) =(0,...,0,0,^,0,...,0) 


(98) 


to show that only b.w. 0 and —2 components of the Weyl tensor are non-vanishing. Moreover, the b.w. 
0 components are constant. 

One can use the relation between the Riemann and Weyl tensor (flTil) and (l55|) to obtain the b.w. 0 
components of the Weyl tensor for arbitrary N no-blocks 


iV-l 


c ab cd = aJ 2 [(s {a) ) a c(s {a) ) b d-(s {a) r d (s {a) ) 


a=0 


A(?t-0 - 1) 

n — 1 


N-l 


N—l 


N-l 


N-l 


E (^“Ec E - E E (W 


a=0 0=0 a=0 0=0 

By contracting (1991) with the frame vectors, one obtains the frame components 

n 0 - 1 


$ = C ab cd £ 0 n b l c rf = -A 1 - 


n—l 


n—l 

~ASi 0 j 0 — ( f A'. 
= C ab cd i a m^n c m^^ d = , a, /3 ^ 0, 


n - n 0 ^ _ n 0 (IV - 1) ^ 


n—l 


$ . — (jab p (io) c (j 0 )<i — 11 _ 

^lojo — ° It' III — _ ^ — ^ u l030 1 


n—l 


$ 


iotOp k. 


,h = C ab cd mt ) mi jp) m^ c m^ d = 2AS ia[kj 5 ls]jp (S a p^- 


n 0 - 1 
n—l 


Thus <I>^ is diagonal 


-ydiag [n 0 (AT - l)^ o j o ,-(n 0 - 1)5^] ,a,/3 ^ 0. 


For no = 2, A = A /(rip — 1) = A, one gets non-vanishing b.w. 0 components 

2A 


$ 


XaXpX-fXS — QvaVpV-fVs 


(n-l) 


3 a [<5 A/] (j , 


1 


*^Xc*vpX'y v 6 — A(^ a0jS -^^ocy^0S)i 


3>V„V« = 


A 


, n - 2 

$ =--A. 


n _i^ - n-l 
The b.w. —1 components, v FA fc , vanish and b.w. —2 components 

O' - l A E _u Djff A 

“ 2 ’ X “ X3 2(n-2) a0, 

rV _ l A l rr , |A| Ct(aj«) 

2 s(x 0 )' XaVf> ' 2 s(x a ) a0 ’ 


ft. ... = - 


|A| 


^ 2 s(x a ) s(xp) 


H,y a yp 2 ^l A l c t(xa)H,x a + 


□iJ 

(n-2) 


(99) 


( 100 ) 


( 101 ) 


( 102 ) 


(103) 
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are independent of v and thus DQ,'^ = 0. 
The Ricci rotation coefficients read 


Hi = Lw = t' = Mjo = 0, pij = Lu = n = p' i:j =Mji= 0, L n = Xv, 


TT / _ V\^\ TT 

11 iXct 1 ^Vn, - 11 • ' 


‘2s{x 0 i) 


M 


VfjV-y 


cti^Xot) \/| A| ^ck/37? 


( 104 ) 


the remaining spin coefficients Mjk vanish. From (11041) . it follows that the frame (1551) is parallelly 
propagated and that the metric (1551) belongs to the RNV subclass of the Kundt spacetimes. 

Now, let us study components of V^C. In the b.w. 0 components of V^C, terms like 

®ij Mu +$ki Mji (105) 

and s s s s 

sjkl Mih T4* iskl M jh T *&ijsl Mkh ~\~*&ijks Mlh (106) 

i _____ _ i 

appear and they all vanish due to the form of Mjk (11041) and and §ijki (1102D . Since r» = p' %] =Mji= 

DfiF = 0 and <&ijki are constant, the only terms contributing to b.w. —1 components of V^C are 

^a;b — -bll 'R , a;b — -bll Tl a ^b- (107) 

However, in the expression of the b.w. 0 part of the Weyl tensor ([5]), there is same number of frame 

vectors £’s and n’s and thus such terms cancel out, e.g. C a bcd-e = 4>Ln(l — 1 + 1 — l)£ a nbi c nd^e + _ 

Thus the metric (1551) obeys the assumptions of proposition [T7T] 


C The generalization of the Khlebnikov—Ghanam—Thompson 
metric consisting of 3-blocks 


In this section, we derive Christoffcl symbols, Ricci coefficients and Weyl coordinate and frame compo¬ 
nents for another higher-dimensional generalization of the Khlebnikov-Ghanam- Thompson metric con¬ 
sisting of N 3-blocks (Hi, considered in section 17.31 

The non-trivial Christoffel symbols for the metric (1751) are given by 


y~m 

1 uz " 


Ku = 2 (*G - XvzH J - Kv = Av, 


K z = Ih z + -(2X v 2 + H), 

— Z 


pH _ _ TT 

1 UX a cy 11 i x Oi 1 


pH _ _ T T 

1 uy a — 9 11 ,Va ? 


rib =-h. 


1 \-,2 \_ 

pJJ _ pZ TT pZ _ _ pZ __ _ \ 

1 VZ .5 L UU ^ -,-Z ’ L UV 95 L UZ A ‘ U 

X 


r 2 = — 

x 2:2 5 

Z 


ptCo, _ _ T T 

L uu ~ ^ 11 ,x a 3 


ypy 7 — shorCh a fia.{3-yi 


■ Z/3 


— sh a ch a S a 


Y Va = 


4 sh 2 ^ ,ya ' ^x'pV'y — Cthcc ^z'pz-y — s a c a^a/3^-> 


F ““ 4sh*sl H ' Za ’ 


— Ctha Sa/3~f, 


^ypz 7 — 3 <xp-y, 


(108) 


where ch a = cosha^, c a = cos y a , cth a — ch a /sh a and ct a = c a /s a . The non-zero components of the 
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Riemann tensor read 

Ruvuv — 5 Ruvuz = 5 R'Uzuz — — (^A ^ 2 “I” ~d 3zH z + z 2 H jZZ ), 

Ruzux a : 7) (R, x ot d" zH^x^ ) 5 Ruzuy a ~ 7) (R iHoc d" ^R^Va ) 5 Ruzuz a — 7 y (Ri z a d" ^RjZZ a ) 5 

zz zz zz 


I I? o 1 

__2 5 -Li'ux a uxp — 2 XaX P' 1 ^'Ux ot uyp 2 

1 , „ , .X 1 


Ruzvz — o? RuXfyUXfi — ^R,XcyXs 5 RuXfyUys — Q ( R, x a yp “I” Cthc^H\y a S<y/3j 


Rux n uzft — ^ ( H,x a zp + Cth a H,z a 5 a fi) 5 Ruy a uyp — ^ (RiVayp d - sh&C’h'Ot.H,x a $ot.fi} 5 

1 

2 


*U2/3 2 

1 

L uy a uzp — 2 


v uy a uyp 2 

Ruv^uza — 77 ( R,y a zp H - Ct a H \z a &otfi} 5 Ruz a uzp — 77 [-^5za2/3 d - S a (c a H,y a -|- shaChofSaH Xqc 'jSafi J , 


Rr 


2s/i^ 


Rx 


L x a ypx^ys — ^ u ocfi 705 - L ''X a zpx y zs 

and those of the Ricci tensor 


^a^ot c 
-On 


A 


a/?7<5> Ry a zi3y-,zs 


2 sh 4 “ 2 


C 

o: a r 

0 , 


A 


afi-yS 


Ruu — A (R H - zH z) 0 Did, — A, Ruz — 5 — 9 ’ 

2 z z z 

Rx nX a 2 ( 5 /- v / 9 , RiinVa , RznZa ( 5 , 


where 


Qff = — 


iV-l 


2 H, zz -zH, z +J2( H ’ 


a -1 


1 

s/i?, 


H,y a y a + c t a H y a -j- 2 ~H, Za z c 


The Ricci scalar is constant R = nX. The metric (17H) is Einstein with R a & = Ag a b iff 

□i? = 2AziL, z . 

Let us choose a parallclly propagated frame 



z, 0 ,..., 0 ), 


l (Xo 


) = (0, • ■ •, 0, y —, 0, 0,0,..., 0), 




(109) 


( 110 ) 


( 111 ) 

( 112 ) 


m “c Q ) = ( 0 ,..., 0 , 0 , 0 , 


v^A 

sho. 


-,0,...,0) 


(113) 


and express the frame components of the Weyl tensor. As in the 2 -block case, b.w. 0 components are 
constant and can be derived using (HOOD (I101D 


(n — 3)A A 

$ = --rv, =--diag 


2 {n — 1 ) 


n — 1 


n — 3 




$2 Xa 2 X f> - ®2v a 2Vf, - $ 2 C q 2 C^ 


n — 1 


® XaXftX-,X5 ~ **V a Vf>V~,V S — ®Cc.C@CtCs 


2A 


n — 1 


1 ^ck[7^<5]/3 , 


^Xat'jSX7 t; « — ^XaCjSX7C* — — 


n — 1 


(114) 
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b.w. —1 components \fd - fc vanish and b.w. —2 non-vanishing components are independent of v 


^22 = 0 , 1 (OH - 2A zH yZ ) + ^ (zJT,,, + 3J?,,), 
z(n — 2) 4 


^ 2 xc — 4 (^,I« + zH iZXa ) , n 2 D„ — (H,y a + z H,zy a ) i ^ 2 f a — g (H-,z a + zH >ZZa ) 


1 


- 4 H,x a xp t 2(n _ 2) 
A ^ 


(□JT-2A«ir,,)5 aj9 , 


4s/i„ 


^yshp^’ VaV ^ c ^ l °‘^’ x o‘^°‘0 S j ~f 2(n — 2) 2A zH tZ ) 5 a fj, 


A 


= - 

CaC/3 Ash a shps a sp ’* 

n' = x 

4s/i^ 

q' = ^ 

X “^ ds/lpSp 


A 


Ct 0 


+ - ( ctfi a iT. x „ + —rrH' Vrv ) <5, 


shl' 


2(n — 2) 


(□-ff — 2XzH tZ ) 6 a p, 


(~tl,x a yp Cth a H\y a $a.fi) , 


(H,x a zp cth a H iZoi 6 a p) , 


" 48h a shf,8f, ( H ’ VaZfi ctaH ^ 6 ^) ■ 

The Ricci rotation coefficients are 


A 


(115) 


-^lo R Ad jo 0, Pzj A'lj i 0, 

^A 


ill = Al>, Tj = Lli = 


,0,... ,0 , p', = diag ——,0,... ,0 , 


A Ct a 


Xv 


Ad jk — 0? Advpz>y — y Ad^^CpC-y \/ ^ ^^ ^a/3 7 ? 


^ = y~^{r 2 - H - zH ^ 

«/ =—\l H x , k' = - \l H v , k' c = — 

Xq O \/ O ’ x <* 5 U a \l 9 >y Q ’ Co= f 


2 V 2 


2sh 0 


2 sh n,s q 


H: 


(116) 


Note that the metric m is not RNV since Tj is non-vanishing. One can see that Dttd vanishes also 
directly from the Bianchi equation (A.17) in [7 


DSl’ij = + QsiPsj = 0- (H7) 

Now, let us study components of V^C. Similarly as in the 2-block case, in the b.w. 0 components 

of V^C, terms like (11051) . (I106D appear and they all again vanish due to the form of Mjk II116D and 
and d> ljk i (11141) . Moreover, there are b.w. 0 terms 


Tt, + 


and 


$ikTj - ®ijTk - ®sijkT s 


that vanish as well. In b.w. —1 components of V^C, there are also terms (11071) that again cancel each 
other and terms 

®Pij + ^kiPkj 

and 

®kiPjl ~ ^jiPkl ~ ^sijkPsl 


that vanish as well. 

Thus the metric d74]l obeys the assumptions of prouosition l7.il 
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